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M O D U L I  

The ca l cu la t ion  of the ef fec t ive  e l a s t i c  modul i  of inhomogeneous  so l ids ,  which connect  
the s t r e s s e s  and s t r a i n s  a v e r a g e d  fo r  the m a t e r i a l ,  is  accompan ied  by c e r t a i n  m a t h e m a t i c a l  
d i f f i cu l t i e s  owing to co r re l a s  r e l a t i o n s h i p s  of a r b i t r a r y  o r d e r s .  Neglect  of c o r r e l a -  
t ion r e l a t i o n s h i p s  l eads  to a v e r a g e  e l a s t i c  modul i ,  where  ave rag ing  a c c o r d i n g  to Yoigt 
and Reuss  e s t a b l i s h e s  b o u n d a r i e s  conta in ing the e f fec t ive  e l a s t i c  modul i  [1]. A p p r o x i -  
ma te  va lues  of the  l a t t e r  can be found by t ak ing  into account  the c o r r e l a t i o n  r e l a t i o n s h i p s  
of the  second  o r d e r  in both ca l cu la t ion  s c h e m e s  [2, 3]. Another  method of eva lua t ing  
the t r ue  modul i  cons i s t s  of n a r r o w i n g  the b o u n d a r i e s  of Voigt and Reuss  on the b a s i s  of 
model  r e p r e s e n t a t i o n s  [4-6].  The a p p r o x i m a t e  ef fec t ive  e l a s t i c  modul i  fo r  a s e r i e s  of 
p o l y c r y s t a l s  with v a r i o u s  c o m m o n - a n g l e  va lues  a r e  p r e s e n t e d  in [7]. An a n a l y s i s  of 
the  effect  of the c o r r e l a t i o n  r e l a t i o n s h i p s  be tween  the g r a i n s  of a me c ha n i c a l  m i x t u r e  
of i s o t r o p i c  components  on the  e f fec t ive  e l a s t i c  modul i  is  c a r r i e d  out in [8], al though 
in al l  the p a p e r s  j u s t  ment ioned  the use  of c o r r e l a t i v e  c o r r e c t i o n s  to n a r r o w  the range  
of e l a s t i c  modul i  is  not i n v e s t i g a t e d . *  Below it  i s  shown that  the ca lcu la t ion  of the 
c o r r e l a t i o n  c o r r e c t i o n s  in the second  a pp rox ima t ion  a l lows the r ange  fo r  the ef fec t ive  
modul i  to be  na r rowed~  

1. We c o n s i d e r  an inhomogeneous  so l id  which can be e i t he r  a p o l y c r y s t a l  o r  a so l id  mechan ica l  m i x -  
t u r e  of i s o t r o p i c  componen t s .  We a s s u m e  that  the b o u n d a r i e s  s e p a r a t i n g  the componen t s  exclude the s l id ing  
of the  g r a i n s  r e l a t i v e  to one ano the r .  Then the e l a s t i c  f ie ld  of the d e f o r m e d  m a t e r i a l  can be d e s c r i b e d  by 
a s y s t e m  of equa t ions ,  inc luding  the equat ions  of equ i l i b r ium,  compa t ib i l i t y ,  and Hooke ' s  law. The e x -  
p l i c i t  f o r m  of t h e s e  equat ions ,  in the p r e s e n c e  of in te rna l  and ex t e rna l  s t r e s s e s ,  is  given,  for  example ,  
in [9]. Below,  the unif ied  m a t r i x  f o r m  is  used  fo r  equat ions  of e q u i l i b r i u m  and c o m p a t i b i l i t y  

LZ + F  = 0, (1.1) 

where  the o p e r a t o r  and the function in the  equat ions  of e q u i l i b r i u m  have the f o r m  

Liz = V~,m,~V~, Z, = ul, Fi = / ~ .  (1.2) 

*In [3] i t  was p r o p o s e d  that  the s c h e m e  of l~euss be used  fo r  the ca l cu la t ion  of the c o r r e l a t i v e  c o r -  
r e c t i o n s .  Although the f o r m u l a s  in t roduced  in th is  i nves t iga t ion  a r e  c o r r e c t ,  the s t a t emen t  that  the second 
a p p r o x i m a t i o n  of the  s c h e m e s  of Voigt and Reuss  ( cons ide ra t ion  of b i n a r y  c o r r e l a t i o n s )  p r o v i d e s  the upper  
and lower  l i m i t s  is  i n c o r r e c t .  In r e a l i t y  the  u p p e r  and lower  l i m i t s  a r e  p rov ided  by the f i r s t  and, as  is  
shown below,  the t h i rd  a p p r o x i m a t i o n s  of the method,  whi le  the ef fec t ive  modul i  c a l cu l a t ed  in the second 
a p p r o x i m a t i o n  of the  s c h e m e s  of Voigt and Reuss  l i e  on the  s ame  s ide  of t h e i r  t r ue  va lues .  
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In the equat ions of compat ibi l i ty ,  r espec t ive ly ,  we have 

Here kik/m and Ssqlm are ,  respec t ive ly ,  the t enso r s  of the e las t ic  moduli  and f l ex ib i l i t i e s ;  u i a n d f i  
are  the vec to r s  of d i sp lacemen t s  and dens i ty  of the body fo rces ;  ~lm and Vik a re  the t e n so r s  of the s t r e s s e s  
and d i s p l a c e m e n t s ;  eip q is the a n t i s y m m e t r i c  uni t  t e n so r .  

By dividing the opera to r s  and funct ions into r e gu l a r  and r andom components  and f rom Eq. (1.1), we 
find that 

<L>(Z> + <L'Z'> -I- F = O, (1.4) 

where the angular  b racke t s  are  used to denote averaging .  The averag ing  is c a r r i e d  out over  a region  of 
d imens ions  smal l  in compar i son  to the d i s tance  over  which the r e gu l a r  pa r t  of the funct ions v a r i e s  s ign i -  
f icant ly ,  but l a rge  in compar i son  to the space scale  of co r r e l a t i on .  Exp re s s ing  the random component  
Z v in t e r m s  of the r egu l a r  component  < Z> by means  of a ce r t a in  in tegra l  opera to r  Q' 

Z ' =  Q' <Z> (1~ 5) 

we rewr i t e  Eq. (1.4) in the fo rm 

L* <Z> + F = 0, L* = <L> + < L ' Q ' > .  

The expl ici t  exp res s ion  of the opera to r  Q' has the fo rm [10] 

(i. 6) 

q' = X + (X 2 -- <X2>) + (X a -- X<X2> -- <X3>) + 
+ ( X  4 - -  X 2 < X ~ >  - -  X < X 3 >  - -  <Xt> + <X2> 2) + .... (lo 7) 

Here X is  used to denote the opera to r  M*L T, where  M* is  given by the equation 

<L>M* + I =  O. (1. s) 

Here the uni t  m a t r i x  I in the second o rde r  has the components  5ij, while in the fourth o rde r  it has 
the components  5i(p6q) j, where  s y m m e t r i c a t i o n  is c a r r i e d  out with r e spec t  to the subsc r ip t s  enclosed by 
the round b r acke t s .  The kerne l  of the in tegra l  opera to r  M* is the Green  function G of the opera to r  < L > : 

M*6 (r) = G (r). (1o 9) 

The explici t  fo rm of the Green funct ions for the equations of equ i l i b r ium and compat ib i l i ty  is  given 
by the expres s ions  [11, 12] 

Gij (r) = (6ijr, pp- -  zr, iJ), ~ -- ~, -~ 2-----~ ' 

oznq t,L s t q 

+ 2elp(iek)mq~p~Tq r - -  12 (s + q) ~TiVl'~7lVmrS ' 

(1.10) 

(1.11) 

where 7, p, S, and q a re  used to denote the e las t ic  cons tants  averaged  over  the aggregate  

<sil, lm>= sfii~, ~Im -~ 2q~i (lfim) k, 

(1.12) 

(1,13) 
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The o p e r a t o r  L* d e t e r m i n e s  the r e n o r m a l i z e d  equat ions  of e q u i l i b r i u m  and compa t ib i l i t y .  Subs t i -  
tu t ing into (1.6) the def in i t ions  of the o r ig ina l  o p e r a t o r  L,  we find 

Li( =:" V k ~ m ~ m ,  L ~ m  = e~pqe~p~rSqs~m, (1.14) 

* , 

w h e r e ~ i k / m  and Sqs /m a r e  the e f fec t ive  t e n s o r s  of the  e l a s t i c  cons tan t s  and f l ex ib i l i t i e s ,  g iv ing the r e l a -  
t ionsh ip  be tween  ~he a v e r a g e  t e n s o r s  of s t r e s s e s  and s t r a i n s  a c c o r d i n g  to Hooke)s law 

(1.15) 

In [7] the ef fec t ive  t e n s o r s  of the e l a s t i c  modul i  and f l e x i b i l i t i e s  w e r e  ca l cu l a t ed  in the  second  a p p r o x -  
ima t ion  obta ined f r o m  (1.6),  (1.7),  and (1.14) with the condi t ion that  Q)=X 

Si~m ~ (S~.Zm} -Jr (s~.~vqevuren#Mpq . . . .  iSrs'Im}. 

(i~ 16) 

(I.17) 

2o We show that  (1.16) and (1.17) do not g ive  a r ange  conta in ing the exac t  va lue  of the ef fec t ive  
e l a s t i c  modul i  o r  f l e x i b i l i t i e s .  F o r  th is  we c o n s i d e r  the  model  of an inhomogeneous  m e d i u m  f o r m e d  f r o m  
a m i x t u r e  of i s o t r o p i c  componen t s  for  which the s h e a r  modul i  coincide~ F o r  such a m e d i u m  the s e r i e s  
(1o 7) can be s u m m e d  [8], g iv ing 

DK 9" = 9, D>; ~ (K'2>. (2.1) 
K* -~- <K) - -  clK~ + c~K1-4:- 4Mx ' 

Equat ions  (2.1) a r e  obta ined by us ing  e i t he r  the s c h e m e  of Voigt o r  the s c h e m e o f  Reuss .  The co in -  
c idence  of the r e s u l t s  i s  a consequence  of the fact  that  both s c h e m e s  lead  to the exac t  va lue  of the ef fec t ive  
e l a s t i c  modul i .  

To e s t a b l i s h  the r e l a t i o n s  be tween  the exac t  va lues  of the ef fec t ive  e l a s t i c  modul i  and t h e i r  a p p r o x i -  
ma te  va lues ,  in the s c h e m e s  of Voig~ and Reuss  we d raw  a t tent ion  to the fact  that  one of the expans ion  
s e r i e s  for  the e f fec t ive  e l a s t i c  modul i  o r  the f l e x i b i l i t i e s  i s  of cons tan t  sign, while the o the r  is  of a l t e r -  
nat ing s ign.  Indeed,  fo r  the model  of an inhomogeneous  med ium unde r  cons ide ra t i on ,  the o p e r a t o r  Q' can 
be  r e p r e s e n t e d  in the s c h e m e s  of Voigt and Reuss ,  r e s p e c t i v e l y ,  by the fol lowing e x p r e s s i o n s :  

co 

o 
~o 

�9 t 6 

o 

K t / t  3 \ - t  
x ~  <K+o/3~, Y - Y \ - ~ + N ) '  

--= ( q  - -  c~) @1  - -  x~ ) ,  ~l =-- (cl - -  c2) (Yl - -  Y~)' ( 2 . 4 )  

Here  the  a s t e r i s k  s ign deno tes  ope ra t ion  of i n t eg ra l  convolut ion,  while  the  s u b s c r i p t s  in (2.4) 
ind ica te  the component  n u m b e r  of the mix ture~  Since ~ and ~? have d i f fe ren t  s igns ,  one of s e r i e s  (2.2) o r  
(2.3) i s  of cons tan t  s ign,  while  the o the r  i s  of a l t e r n a t i n g  s ign.  T h e r e f o r e ,  we denote  the  ef fec t ive  modul i  
of a l l - s i d e d  c o m p r e s s i o n ,  c a l cu l a t ed  in the  n - th  a p p r o x i m a t i o n  in the s c h e m e s  of Voigt and Reuss ,  by 
Kv (n) and KR(n) and we find that  

K* = Ky (~) + AKv (~) = Kn (~) + AKR (~), (2.5) 

n - - 2  
D K 

K (n) : <K) (K.jca/a~) ~ ~ ,  (2.6) 
0 
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1 / 1 3 ~-i~ l~. 
K~ (~) : %[-ff> - -  D~'K < Ki--- + ~ /  o 

By c o m p a r i n g  (2.1) with Eq. (2.6) and (2.7),  we obtain 

(2.7) 

D K ~n-1 
AKv(~) : <K + %p~> 1 - - ~ '  (2.8) 

A K  (n> = Ka (,OK * D~/~<_~__ + ~_~> -1 n~-~ I--~" (2.9) 

Hence we see  that  fo r  even n the c o r r e c t i o n s  AKv (n) and AKR (n) have the s a m e  sign,  while fo r  odd n 
t h e i r  s igns  a r e  oppos i t e .  Thus,  even a p p r o x i m a t i o n s  for  KV (n) and KR (n) give  va lues  that  l i e  on one s ide  
of K*. Con t r a r i l y ,  odd a p p r o x i m a t i o n s  f o r m  a r ange  conta ining the exac t  va lue  of the ef fec t ive  modulus  K*. 

3. We now c o n s i d e r  the m o r e  common ca se  of a m ix tu r e  of two i s o t r o p i c  components  which d i f fe r  
f r o m  one another  not only by  the vo lume modulus  but a l so  by the s h e a r  modulus .  Here  it is  not p o s s i b l e  
to f ind the exac t  va lue s  of the  ef fec t ive  e l a s t i c  modul i .  The fol lowing r e s u l t s  a r e  obta ined  in the second 
app rox ima t ion :  

DK ~v(2 ) 2D~ <K -}- 2~> 
Kv (2) = <K> - -  <K + %~>, = <~> - -  5 <~> <K + %~> : 

t = < ~ > _ _ D l I K /  t + 3 ~-I 
K R(2) A-- ~- "~-~ / , 

1 2 Dv~ < 1  + . ~ >  [<_~_> 1 3 -1 § 

(3.1) 

(3.2) 

In the  t h i rd  app rox ima t ion  of VoigUs s c h e m e  the ef fec t ive  t e n s o r  of e l a s t i c  modul i  is  given by 

k O) ~, e) iklm : ikZrn + <)~i~'pqGpr, qs*krstoG~ L vn*~*jn~m>. 

where  

Hence 

: r ip]q,% A K (3 )  K v  (~) -~ [Dg(a)6pq6rs -{- <K'2~. '> Dpqrs] l;~rts ",-'ijUkl, 
r cPJqD 9v (3) = ~t7 (2) -5 1/5 [<K'~ '2> 6pq6~ -+- D~(a)Dvq~s] ~rls ~jkl; 

(3.3) 

(3.4) 

r ipjq ~ Gip jq l~m ~ (kl) G~r, l~ (k~) ~-(k, l k - -  k 1 ], I k - -  k2 3; (8~8p j , 

dkdkldk2 ' D~:(~) ~ < K'8>, D(3) _~ <~,8>. (3.5) 

Here  a b a r  i s  used  to denote  the F o u r i e r  i n t eg ra l  t r a n s f o r m a t i o n  and 5 denotes  the  function d e s c r i b i n g  
the coord ina t e  dependence  of the t r i n a r y  c o r r e l a t i o n  function of the t e n s o r  of e l a s t i c  modul i  

<ki3~, (r) ~,plrs (rl) ~n~uv (ru)> : <kij~l (r), 

k~'rs (r) Lnmuv (r)> T (r, rl, r2). (3.6) 

In (3.5) we have taken into account the quasi homogeneity and isotropy of the space the relation 

(r, r 1, r2) =qD ( [ r - - r  11, I r l - r 2 [ , I  r 2 -  r[) 

holds .  
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To de t e rmine  the s ign for the co r re l a t ive  co r r ec t i on  of the th i rd  o r de r  we cons ider ,  for the sake of 
be ing defini te ,  the total  dev ia tor ic  in tegra l  convolut ions (3.5). The devia tor ic  con t rac t ions  of the F o u r i e r  

t r a n s f o r m e d  Green funct ions de r iva t ives  give 

D~q~.~Di~Gi~, iqG~ ~ i6 (l - -  • + 2t I -{- 

+ ~3 (i ~ t ~) (Su - -  i - -  4u ~ - -  t2u~t"), (3.7) 

where  t -k lkz /k~k z, the F o u r i e r  t r a n s f o r m  of the function r (r, r~, r z) for  an i so t rop ic  med ium with de -  
t e r m i n i s t i c  boundar ies ,  between par t s  of inhomogenei t ies ,  can be r e p r e s e n t e d  in the fo rm [8] 

8~ 
T(k', k", k ' )  = ~0 (k')~-0(k") ~0 (k ' ) ,  T0 (k) = (i -[- k=) 2 " (3.8) 

Hence we see that the in tegrand  of the quant i ty  D~qr~ D~jjt. "kr/~ripJq is a posi t ive  definite funct ion of its 
TipJq "-~ arguments~  At the same  t ime  it is  shown that the constant  Dpq~, D~j~z ~ / -  0. Analogously we can show 

I ~  and 5~q 5~ 5~; 5~ ~ ( ,  a re  posit ive~ Thus, the sign of that  the t enso r i a l  con t rac t ions  5~q ~ s  D~ , z  ~'~ ,iv~q 

co r r e l a t i ve  co r r ec t i on  for the th i rd  approximat ion  is  de t e rmined  by the s ign of the cen t ra l  moments  of the 
th i rd  o rde r  for  the e las t ic  moduli  K and p. 

Let now the inequa l i t i e s  (c~-c~) (K~-K z) > 0 and (c~-c  2) (# l -#~)> 0 be sa t i s f ied  s imul taneous ly~ Then, 
taking the cen t ra l  momen t s  of the th i rd  o rde r  in the fo rm 

K '2 t~' ~ = c~c~ (c~ - -  c~) (K~ - -  K2 )  ~ ( ~  - -  ~ ) ,  (3.9) 

we find that the co r r e l a t i ve  addit ions of the th i rd  o rde r  to the average  moduli  K and # a re  negat ive ; i. e . ,  
the s igns  of the co r r e l a t i ve  co r r ec t i ons  in the second and th i rd  approximat ions  coincide.  Analogously ,we 
can cons ide r  h igher  approx imat ions  of the method, and it  can show that the co r re l a t ive  co r r ec t i ons  in the 
case (cl -c2)(K1 - K  2) > 0 and (c 1 - c2 ) (~ l - t t  2) > 0 a re  negat ive .  

By the same  method we can show that,  for the above re la t ions  between the concen t ra t ions  and the 
e las t ic  moduli ,  the expansions  of K* and #*, with r e spec t  to the co r r e l a t i on  function in the scheme of Reuss, 
a re  given by s e r i e s  of a l t e rna t ing  signs~ 

Another  approach to d e t e r m i n e  the range  containing the t rue  value of the e las t ic  modul i  is  based  on 
va r i a t iona l  p r inc ip l e s  [4]. Such an approach enabled Hashin to es tab l i sh  the following boundar ies  for  
mechanica l  m ix tu r e s :  

D K DK 
K+ : (K) - -  clK~ 4- c2K1 + %~1 ' K_ = (K) - -  cllC~ § c2K14- %1~2 ' 

9Ki -{- 8F~ K1 ~ -K2, btl ~ ~2. 
bi ~ 6 (K i T -~i) , , )  , (3 . I  o) 

Here,  the plus and minus  s igns  denote r e spec t ive ly  the upper  and lower  boundar ies  of the e las t ic  
modul i .  Compar ing  (3.1) and (3.2) with the boundar i e s  (3.10) of Hashin,  we find that for c1> c 2 the va lues  
of KV (2) and #V (2) a re  located within the range  of Hashin for  the concen t ra t ion  of the f i r s t  component  cl = 
1 - c  V, while KR(2) and #R (2) l ie  within it for  cl< 1 - c i r  .. Here c V and c R are  given by 

i i 
Cv = '~ O + Yv) ' c R - 2(I +,K~R)' 

2 ~t~--~t 2 9 K1K~ 
Y v - -  3 K1--K._, ' gR ~ YV 16 ~tl~ (3.11) 

Since in  the case  unde r  cons idera t ion  KI> K2, #1> #2, and c1> c 2, averag ing  in the second approx ima-  
t ion of r andom- func t ion  theory  gives KV(2) > K* and KR(2) > K*, and analogously for  #, the e las t ic  modul i  K (2) 
and #(2) a re  located on the r ight  of the exact value of K* and #*. Therefore ,  if K_ (2) < K_, then the r ight  
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boundary, of the  r ange  can be r e p l a c e d  by  i t s  value ,  where  K_ (~-) is  the s m a l l e r  one of the  va lue  of K v  (z) 
and KR(z). F o r  c~< 1 - c +  both va lues  of Kv0)a nd  KR(2) l i e  within the r ange  of Hashin,  while  fo r  c~<'1 - c  
only K_ (z) l i e s  within th i s  r ange .  Here  c+ and c_ a r e  r e s p e c t i v e l y  the l a r g e r  and s m a l l e r  va lues  of the - 
quant i t i es  c V and c R. Analogous conc lus ions  hold a l so  for  the s h e a r  modulus ,  where  the  concen t r a t ions  
c V and c R a r e  d e t e r m i n e d  as  be fo re  by (3.11).  

If Ki>Kz and p l>p2,  while  c~< c a, then the quant i t ies  K (z) and p(2) l i e  on the lef t  of the exact  va lues  
fo r  the ef fec t ive  e l a s t i c  modul i  K* and #*. This  a l lows us to improve  the lef t  bounda ry  of Hashin.  In th is  
case ,  fo r  c i>  c+,  both KV(~) and Kl~(a) l i e  within the r ange  of Hashin,  while fo r  c t>  c only the l a r g e r  of 
them,  K+ (a), l i e s  within the r ange .  

As an i l l u s t r a t i o n  we c o n s i d e r  K = 4 / 3  p, Kl= 2, K2=I and c l=  0 .6 .  Then c+=c_= l/a. Hence we find 
that  KV=I .  6; the r ange  without the c o r r e l a t i o n s  t aken  into account  is  K V - K R = 0 .  171; the range  of Hashin  
i s  K+ - K _ = 0 .  029, and the i m p r o v e d  range ,  with the second  a pp rox ima t ion  of the r a ndom- func t i on  t h e o r y  
taken into account ,  is  K_ (~) - K _ = 0 .  022~ 

4. We now p r o c e e d  to c o n s i d e r  the e l a s t i c  modul i  of p o l y c r y s t a l s .  We confine o u r s e l v e s  to the con-  
s i d e r a t i o n  of a cubic  s y s t e m .  Then the t e n s o r s  of e l a s t i c  moduli  and f l e x i b i l i t i e s  of the c r y s t a l l i t e  in a 
c r y s t a l l o g r a p h i c  coord ina t e  s y s t e m  can be wr i t t en  in the  fo rm 

= o 8 o  8 

(4.1) 

(4.2) 

Here  the e l a s t i c  cons tan t s  with a s ingle  s u b s c r i p t  a r e  connected  with those  having two s u b s c r i p t s  by 
the  r e l a t i o n s  

~10 = C12, ~20 = C44, ~ 3  = Cl l  - -  C12 - -  2 c44, 

810 = 812 ~ ~820 = 844 ~ S3 = 811 - -  812 - -  1/2S44" (4.3) 

The second a p p r o x i m a t i o n  of r a n d o m - f u n c t i o n  t h e o r y  l e a d s  to the  fol lowing e x p r e s s i o n s  for  the e f -  
f ec t ive  modul i  of a l l - s i d e d  c o m p r e s s i o n  and s h e a r  [2, 3, 7]: 

(2) ~15i~5z~ + 2~5i(t5~) ~ (3~1 + 8~) ~32 

(6sl + 7s2) s~ 2 

(~.~ = M ~ + ~/~3,  ~0. = ~.~ ~ + ~/~.~, s~ = s~ ~ + lhss ,  .~.,. = so. ~ + ~hs~) . 

(4.4) 

(4.5) 

F r o m  (4.4) and (4.5) i t  is  seen  that  

(3~,~ + 8~2) ~,32 t 4s 2 2(6sl + 7s,~) ~3 'z 
btv (2) ~ ~,2 - -  t25~,,0 ()~1 + 2~2) ' ~tR(z) - 125s~ (sl + s2) ' 

while  the  ef fec t ive  vo lume modulus  co inc ides  with the  a v e r a g e  modulus  [13]o 
fo r  Vo ig t ' s  s c h e m e  and f r o m  (3o3), we find that  

~LV (3) ~LV (2) -~" /50 3 pq~l ~rls �9 

Here  the a u t o - c o r r e l a t i o n  t e n s o r  i s  g iven by  [14] 

~jrs ~3 2 i j rs  ~]rs 
A pq~z = ~ (355pq~a + 635ij,~Spq~l-- 45~q~ ), 

(4.6) 

In the t h i rd  approx ima t ion ,  

(4.7) 

(4. s) 
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w here  5ij" . ol is the sum of products  of the Kronecker  6 symbols  with all poss ib le  pe rmuta t ions  of any 2n 
subsc r ip t s .  The n u m b e r  of t e r m s  of such a sum equals  ( 2 n - l ) I I .  By fl~qrk~ in (4.8) we have denoted 

(4.9) 

To de t e rmine  the co r r e l a t i ve  addit ion sign in (4.7) we cons ider  a u t o - c o r r e l a t i o n  t enso r  cont rac t ions  
with the F o u r i e r  t r a n s f o r m s  of Green  function de r iva t ives .  Ca r ry ing  out the ca lcula t ions ,  analogously to 
that of de r iv ing  (3.7), we obtain 

A i i~"  ~ i X~" [ ( t90--  155• + i2• 2) + 
pqkl ~ip, ~q~rk, s/ ~ -  5.f  71l ~,o. ~ 

+ (i - -  t ~) (72• - -  t - -  24u ~) + 3 (i - -  t~) 2 x~]. (4.10) 

ipjq 
Since 1/4<~-< 1, (4.10) is  posi t ive  defini te .  Hence it follows that the quanti ty Apq~/rs-  i rks /  > o. 

Thus,  the s ign of the co r r e l a t i ve  addit ion in Voigt 's  scheme is  de t e rmined  by the sign of the e las t ic  con-  
s tant  ~3- 

F r o m  (4.3) it follows that k~sa< 0. There fore ,  the s igns of the co r re l a t ive  i n c r e m e n t s  to the moduli  
of e las t i c i ty  and f lexibi l i ty  in the th i rd  approximat ion  a re  opposing one another  ; i . e .  the shear  moduli ,  with 
the th i rd  o rde r  co r r e l a t i on  taken into account,  fo rm a range  containing the exact value of the effective shear  
modulus,  jus t  as in a mechanica l  mix tu re .  

F r o m  the above ana lys i s  it follows that if ~ <  0 the effective shear  moduli  in the second approximat ion,  
#V (2) and #1~ (~), a re  l a r g e r  than the exact value p*, while in the case ~a> 0 both va lues  pV (~) and #1~ (2) a re  
l e s s  than #*. 

The r e su l t s  obtained here  can be used to es tab l i sh  the boundar ies  containing the exact value of the 
effective shea r  modulus .  For  the sake of be ing definite,  let us confine ou r se lves  to ?~3< 0. We then have 
the following inequa l i t i e s :  

t 
~R ~ ~* ~ ~(2) .Q ~v, ~n : ~ , ~v : )~- (4.11) 

Since ~.~< 0, the inequal i ty  #B(z)< pV@)holds, and the r ight  boundary  of PV can be rep laced  by #R (2). 

Another  method of na r rowing  the range  was worked out by Hashin [5] who obtained the following in -  
equal i t ies :  

~ ~ 6i* ~ ~* ~ G:* -~:~ ~v. (4.12) 

Here the following notat ions have been used:  

3 (K + 2Gi) l 
~i -- 5G i (3K-f-4G~) ; G1 : =2 - ( c i i -  ci2); 

G2 = c~4, K = cll + 2c12. (4.13) 

2 * By a d i rec t  ca lcu la t ion  we can show that the following inequal i t i es  hold: pit (2) <#V ( ) G 2. There fo re  in 
(2) the ro le  of the r ight  boundary  we must  take the value PR , while GI* can be taken as the left boundary  

Gi* ~ ~* ~ ~R (~). (4.14) 

Equation (4.14) d e t e r m i n e s  the improved  range for  the effective shear  modulus  of po lyc rys ta l s  of 
cubic s t ruc tu re~  In a c o n t r a r y  case  of h a > 0, ins tead  of (4.14) we have 

~tv(~) ~ ~* ~ G i . (4.15) 

Fo r  i l l u s t r a t i on  purposes ,  va lues  of the shear  moduli  of cubic po lyc rys ta l s  a re  given in the table.  
In the table  the va lues  of the e las t ic  cons tan ts  a re  taken with accuracy  up to th ree  s ignif icant  digi ts .  The 
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CI1 
C12 

C44 

9n 

Gg* 

g 

Ag Au Cu K Li Mo 

12.40 
9.34 
4.6t 
2.5537 
2.90i7 
3.0558 

3.0676 
3.0886 
3.3780 

21 

t8.63 
t5.68 
4.20 
2.4t3t 
2.7206 
2.8534 

2.8573 
2.8780 
3.1t0t 

t8 

16.84 
t2 . t4  
7.54 
4.0034 
4.5964 
4.8792 

4.90~6 
4.9445 
5.4640 

23 

0.458 
0.374 
0.263 
0.0846 
0.1119 
0.1373 

0.1428 
0.t453 
0.1747 

32 

t.480 
t.250 
i.080 
0.2479 
0.36i4 
0.4945 

0.5387 
0.5820 
0.6940 

66 

45.5 
17.57 
10.99 
12.0135 
12.0954 
12.0963 

12.0970 
12.t034 
12.1300 
25 

values  of average  and effective e las t ic  moduli  a re  given with accu racy  to five s ignif icant  digits ,  th ree  of 
which co r re spond  to the in i t ia l  accuracy  of the exper imenta l  data, while the subsequent  two allow us to 
calcula te ,  with accuracy  up to two s ignif icant  digits ,  the absolute  values  of the d i f fe rences  in the moduli .  
In the case ~3 < 0 the d i f ference  G* 2-G* 1 gives the range  of Hashin, while pR(2)-G1 * gives the improved 
range .  In the las t  row of the table  the quanti ty z is given, cha rac t e r i z ing  the na r rowing  of the range  of 
Hashin due to the subs t i tu t ion  G2*--~pR(2). The quanti ty z is given by 

the f i r s t  of which r e f e r s  to the condit ion ~3< 0, while the second r e f e r s  to k3>0. In all cases ,  with the ex-  
ception of molybdenum k 3< 0 and there fore  G2*> GI*. For  molybdenum G* 2 < G* 1, but for  the sake of con-  
venience  the va lues  G~I and G* 2 are  wr i t ten  in the table as before  in r i s i n g  o rde r .  F r o m  the table  it is  
seen that the method cons idered  here  allows us to n a r r o w  the Hashin boundar ies  by seve ra l  tens  of per  
cent~ 
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